Abstract. We construct a finitely generated model category structure on the category of diffeological spaces, which is Quillen adjunct to the model structure on the category of topological spaces having Serre fibrations as the class of fibrations and weak homotopy equivalences as the class of weak equivalences.
Introduction
The theory of model category was developed by Quillen in [7] and [8] . By definition, a model category is just a category with three specified classes of morphism, called fibrations, cofibrations and weak equivalences, which satisfy several axioms that are deliberately reminiscent of typical properties appearing in homotopy theory of topological spaces. It is shown in [2, 8.3] that the category Top of topological spaces is a model category by defining a map f : X → Y to be (1) a weak equivalence if f is a weak homotopy equivalence [11, p.404] , (2) a fibration if f is a Serre fibration [9] , and (3) a cofibration if f has the left lifting property with respect to acyclic fibrations. In this article we prove that the category Diff of diffeological spaces has a model category structure which closely resembles that of Top. When we prove that Top is the model category in the condition above, we need properties of homotopy groups and cell complexes. Likewise, we need to define diffeological homotopy groups and diffeological cell complexes.
The paper is organized as follows. We briefly review in Section 2 the basic properties of diffeological spaces, following the treatment given by Iglesias-Zemmour [5] . In section 3 we define homotopy groups of a pair of diffeological spaces, and introduce the notion of Serre type fibration in Diff . In particular, it is shown that to every fibration there associated a homotopy long exact sequence. In section 4 we introduce relative cell complexes in Diff and prove that every fibration has the covering homotopy extension property for relative cell complexes. Based on the results obtained in preceding sections, we prove in Section 5 that Diff has a finitely generated model structure such that a smooth map is a weak equivalence if it is a weak homotopy equivalence and is a fibration if it is a Serre type fibration. Finally, in section 6 we show that under the adjunction (T, D, ϕ) from Diff to Top, our model structure on Diff is Quillen adjunct to the Quillen model structure on Top having Serre fibrations as the class of fibrations and weak homotopy equivalences as the class of weak equivalences. This fact, together with our previous results on the model structure of the category of ∆-generated spaces (cf. [10] , [3] ), implies that the homotopy category of topological spaces Ho Top can be embedded, up to adjoint equivalence, into Ho Diff . Since there is a diffeological space which does not have the homotopy type of a topological space (cf. Proposition 6.4), we may expect that Ho Diff is strictly larger than Ho Top.
The authors wish to thank Dan Christensen for helpful discussions while preparing the article.
Diffeological spaces
In this section we recall basic facts about diffeological spaces. For details see [5] .
A diffeological space consists of a set X together with a family D of maps from open subsets of Euclidean spaces into X satisfying the following conditions:
(Covering) any constant parameterization R n → X belongs to D; (Locality) a parameterization P : U → X belongs to D if every point u of U has a neighborhood W such that P |W : W → X belongs to D; and (Smooth compatibility) if P : U → X belongs to D, then so does the composite P • Q : V → X for any smooth map Q : V → U between open subsets of Euclidean spaces.
We call D a diffeology of X, and each member of D a plot of X. Throughout the paper, R n denotes the n-dimensional Euclidean space equipped with the standard diffeology consisting of all smooth parameterizations of R n .
A map between diffeological spaces f : X → Y is called smooth if for every plot P : U → X of X the composite f • P : U → Y is a plot of Y . In particular, if D and D ′ are diffeologies on a set X, then the identity map (X, D) → (X, D ′ ) is smooth if and only if D ⊂ D ′ holds. In that case, we say that D is finer than D ′ , or D ′ is coarser than D. A smooth map f : X → Y is called a diffeomorphism if f is bijective and its inverse f −1 is also smooth. If there is a diffeomorphism from X to Y then we say that X and Y are diffeomorphic and write X ∼ = Y .
The class of diffeological spaces together with smooth maps form a category Diff . Among other things, Diff has a convenient property that it is complete, cocomplete, and is cartesian closed. (See, e.g. [10, Theorem 2.1].) In fact, the cartesian closedness is a consequence of the exponential law described below.
For given diffeological spaces X and Y , we denote by C ∞ (X, Y ) the set of smooth maps from X to Y . Then C ∞ (X, Y ) has a diffeology D X,Y consisting of those parameterizations P : U → C ∞ (X, Y ) such that for every plot Q : V → X of X, the composition of (P, Q) with the evaluation map
given by the formula:
Then we have the following exponential law.
Proposition 2.1 ([5, 1.60]). For any X, Y and Z, the natural map
is a diffeomorphism.
Dually, to any map g from Y to a set C there exists a finest diffeology (1) The map f is an induction.
(2) The map f is a subduction. 
Homotopy sets
We introduce the notion of homotopy groups for diffeological spaces. Following [6] , let γ be the smooth function given by γ(t) = 0 for t ≤ 0, and γ(t) = exp(−1/t) for t > 0, and define λ by
Then λ is a non-decreasing smooth function satisfying λ(t) = 0 for t ≤ 0, λ(t) = 1 for 1 ≤ t, and λ(1 − t) = 1 − λ(t) for every t. Suppose f 0 , f 1 : X → Y are smooth maps between diffeological spaces. We say that f 0 and f 1 are homotopic, and write f 0 ≃ f 1 , if there is a smooth map F : X × I → Y such that F (x, 0) = f 0 (x) and F (x, 1) = f 1 (x) hold for x ∈ X. Such a smooth map F is called a homotopy between f 0 and f 1 . A map f : X → Y is called a homotopy equivalence if there exists a smooth map g : Y → X satisfying
We say that X and Y are homotopy equivalent, and write X ≃ Y , if there exists a homotopy equivalence f : X → Y . (1) There exists a smooth map F :
and F (x, 1) = f 1 (x) hold for x ∈ X. (2) There exists a homotopy between f 0 and f 1 . (3) There exists a smooth map F :
and F (x, 1) = f 1 (x) hold for x ∈ X.
Proof. That (1) implies (2) and that (2) implies (3) follow from the smoothness of the inclusion I → R and the identityĨ → I, respectively. To see that (3) implies (1), suppose there is a homotopy G : X ×Ĩ → Y between f 0 and f 1 . Then the composite
Suppose F is a homotopy between f 0 and f 1 and G a homotopy between f 1 and f 2 . If we define F * G : X × I → Y by the formula
then F * G is smooth all over X × I, and hence gives a homotopy between f 0 and f 2 . It follows that the relation "≃" is an equivalence relation. The resulting equivalence classes are called homotopy classes.
In particular, if P consists of a single point then smooth maps from P to X are just the points of X and their homotopies are smooth paths I → X. Definition 3.3. Given a diffeological space X, we denote by π 0 X the set of path components of X, that is, equivalence classes of points of X, where x and y are equivalent if there is a smooth path α in X such that α(0) = x and α(1) = y hold.
For given pairs of diffeological spaces (X, X 1 ) and (Y, Y 1 ), we put
where
is the subspace consisting of maps of triples. Clearly, we have [X,
By the cartesian closedness of Diff we have the following. 
is isomorphic to the set of homotopy classes of maps of triples (X,
To introduce the notion of homotopy groups and cell complexes, we use disks equipped with customized diffeology. For each n ≥ 0, let D n denote the upper hemisphere of the unit n-sphere S n ⊂ R n+1 , that is,
Let q n be the surjection of D n × R onto D n+1 given by the formula:
Since D 0 is a point, q 0 is identified with the surjection R → D 1 which takes t to (cos πλ(t), sin πλ(t)), and hence induces a diffeomorphismĨ ∼ = D 1 . Inductively, we can define a diffeology of D n to be the quotient diffeology with respect to q n−1 :
Putting it differently, D n has the quotient diffeology with respect to the composite
Observe that q n restricts to the inclusion of
On the other hand, D n × {1} is mapped under q n to the lower hemisphere
Let us denote by S n the union of D n and D n − . Then we have
Moreover, the evident retractions of
respectively. Thus we have
Lemma 3.5. Both D n and D n − are smooth deformation retracts of D n+1 . We are now ready to define the n-th homotopy set of a diffeological space. Definition 3.6. Given a pointed diffeological space (X, x 0 ), we put
Similarly, given a pointed pair of diffeological spaces (X, A, x 0 ), we put
, and π 0 (X, x 0 ) is isomorphic to π 0 X regardless of the choice of basepoint x 0 . Note, however, that π n (X, x 0 ) is considered as a pointed set with basepoint [x 0 ] ∈ π 0 X.
We now introduce a group structure on π n (X, A, x 0 ). Suppose φ and ψ are smooth maps from ( D n , S n−1 , D
Since Q n is a subduction, there is a smooth map φ * ψ :
Hence we can define a multiplication on π n (X, A, x 0 ) by the formula
, the homotopy set π n (X, A, x 0 ) is a group if n ≥ 2 of if n ≥ 1 and A = x 0 , and is an abelian group if n ≥ 3 of if n ≥ 2 and A = x 0 . In such cases every smooth map f : (X, A, x 0 ) → (Y, B, y 0 ) induces a group homomorphism
where we assume A = x 0 and B = y 0 hold when n = 1.
For any pointed pair of diffeological spaces (X, A, x 0 ), let
be the maps induced by the inclusions (A, x 0 ) → (X, x 0 ) and (X, x 0 , x 0 ) → (X, A, x 0 ), respectively, and let
be the map which takes the class of φ :
As in the case of topological spaces, we can apply Lemma 3.5 to prove the following.
Proposition 3.8. Given a pointed pair of diffeological spaces (X, A, x 0 ), there is an exact sequence of pointed sets
We now formulate a diffeological space version of the notion of Serre fibration as in the following way: Definition 3.9. A smooth map p : E → B is called a fibration if it has the right lifting property with respect to every inclusion k n :
, we see that a map p : E → B is a fibration if and only if it has the right lifting property with respect to every inclusion D n − → D n+1 . Proposition 3.10. Let p : E → B be a fibration and let F = p −1 (b) be the fiber at b ∈ B. Let i : F → B be the inclusion. Then for any basepoint e of F , there is an exact sequence
Proof. Once we can verify that the induced map
is bijective for n ≥ 1, then the desired exact sequence is obtained from the homotopy exact sequence for the pair (E, F ) by putting 
, whereφ is regarded as a map of triples from ( D n , S n−1 , D n−1 − ) to (E, F, e). Therefore, p * is surjective. To see that p * is injective, let φ 0 and φ 1 be representatives of elements of π n (E, F, e) such that
and s, t ∈Ĩ, and let i α : D n → V n be the inclusion which takes v ∈ D n to the class of (v, α) ∈ D n × {α} for α = 0, 1. Since φ 0 and φ 1 are constant on D
and let us denote by φ 0 /φ 1 the composite (φ 0 ∨ φ 1 ) • g n : D n → E. Then, under the sequence of identification maps
a homotopy between φ 0 and φ 1 , if it exists, corresponds to an extension of
Hence there is a commutative square
Because p has the right lifting property with respect to k n , there exists a lift H : D n+1 → E of h such that H| D n = φ 0 /φ 1 holds. Therefore, we have φ 0 ≃ φ 1 , implying that p * is injective.
Cell complexes
We introduce the notion of relative cell complexes in Diff , and describe their homotopical behavior with respect to fibrations. . Let K be a set of smooth maps. Then a map f : A → X is called a relative K-cell complex if there is an ordinal δ and a δ-sequence Z : δ → Diff such that f : A → X coincides with the composition Z 0 → colim Z and that for each β such that β + 1 < δ, there is a pushout square
with j β ∈ K; that is to say,
In this paper, we mainly concerned with the set I of the boundary inclusions j n : S n−1 → D n , and the set J of the inclusions k n : D n → D n+1 . The theorem below shows that every fibration has the covering homotopy extension property for relative I-cell complexes.
A homotopy h :
hold for x ∈ X, a ∈ A, t ∈ I. Then there is a tame homotopy H : X ×I → E such that
hold for x ∈ X, a ∈ A and t ∈ I.
Observe that the constant map Y → * has the right lifting property with respect to every inclusion D n → D n+1 because D n is a retract of D n+1 . By applying Theorem 4.2 to the fibration Y → * , we obtain the homotopy extension property for relative I-cell complexes: To prove Theorem 4.2, we use the lemma below. We denote byL n the subspace S n−1 ×Ĩ ∪ D n × {0} of D n ×Ĩ.
Lemma 4.4. There is a subduction Ψ n : D n+1 → D n ×Ĩ which restricts to a smooth bijection of D n ontoL n , and a diffeomorphism of
Proof. For any real numbers s and t, put
If we fix t then v(s, t) has maximal value 1 when s is 0 or 1, and has minimal value λ(t) when s is in the interval [1/3, 2/3]. On the other hand, h maps the open interval (1/3 − λ(t)/3, 2/3 + λ(t)/3) × {t} linearly onto (0, 1). Let F n : R n+1 → D n ×Ĩ be the smooth map given by F n (t 1 , . . . , t n , t n+1 ) = (Q n (t 1 , . . . , t n−1 , h(t n , t n+1 )), v(t n , t n+1 )) and define Ψ n : D n+1 → D n ×Ĩ to be the smooth map which makes the following square commutative:
Then Ψ n restricts to a bijection of D n ontoL n = S n−1 ×Ĩ ∪ D n × {0}. In fact, let P = q n−1 (v 1 , . . . , v n , t) ∈ D n , where (v 1 , . . . , v n ) ∈ D n−1 and t ∈ R. Then Ψ n (P ) can be written in the form
On the other hand, Ψ n restricts to a diffeomorphism of the complement of Ψ −1 n (L n ) onto the complement ofL n , because the Jacobian determinant of (λ(h(s, t)), v(s, t)) never vanishes on D n+1 − Ψ −1 n (L n ). Therefore, the map Ψ n : D n+1 → D n ×Ĩ is a smooth surjection. Now, we can show that the generating plot Q n × λ of D n ×Ĩ is locally covered by F n . Thus Ψ n is a subduction, completing the proof of the lemma.
Proof of Theorem 4.2. Since i :
A → X is a relative I-cell complex, there is an ordinal δ and a δ-sequence Z : δ → Diff such that i is the composition Z 0 → colim Z and that for each β with β + 1 < δ, there is a pushout square
for some n depending on β. Suppose there is a tame homotopy
, H β (a, t) = h(a, t), and p(H β (x, t)) = k(x, t) hold for x ∈ Z β , a ∈ A, t ∈ I. Let j : X ×Ĩ → B be the smooth map satisfying
Since p is a fibration, there is a map
is the composite of bottom horizontal arrows D n+1 → B and K β+1 • k n is the composite of top horizontal arrows D n → E. Let us define G ′ β+1 : D n ×Ĩ → E to be the map which coincides with (G β ∪ f ) • (Φ β × 1) onL n and with K β+1 • Ψ −1 n on the complement ofL n . Then G ′ β+1 is smooth because K β+1 = G ′ β+1 • Ψ n holds and Ψ n is a subduction. Hence we have a smooth map G β+1 : Z β+1 ×Ĩ → E satisfying H β+1 (a, t) = h(a, t) , and p(H β+1 (x, t)) = k(x, t) hold for x ∈ Z β+1 , a ∈ A, t ∈ I.
Thus, by transfinite induction starting from H 0 = h, we can construct a tame homotopy H : X × I → E enjoying the desired properties.
Model structure of diffeological spaces
We are ready to construct a finitely generated model structure on Diff . A smooth map f : X → Y is called a weak homotopy equivalence if the induced map f * : π n (X, x) → π n (Y, f (x)) is bijective for every n ≥ 0 and x ∈ X. Let I be the set of boundary inclusions j n : S n−1 → D n , J the set of inclusions k n : D n → D n+1 , and W Diff the class of weak homotopy equivalences in Diff . Then we have the following.
Theorem 5.1. There is a finitely generated model structure on Diff with I as the set of generating cofibrations, J as the set of generating trivial cofibrations, and W Diff as the class of weak equivalences.
Given a set of smooth maps K, let K-cell be the class of relative K-cell complexes, and K-inj the class of smooth maps which have the right lifting property with respect to every map in K. Similarly, let K-proj be the class of smooth maps which have the left lifting property with respect to every map in K, and K-cof the class of smooth maps which have the left lifting property with respect to every map in K-inj, that is, K-cof = (K-inj)-proj. To prove the theorem above, we need only show, by [4, 2.1.19] , that the following conditions are fulfilled:
(I) The subcategory W Diff has the two out three property and is closed under retracts. (II) The domains of I and J are small relative to I-cell and J -cell, respectively. (III) The domains and codomains of I and J are finite relative to I-cell.
As to (I), the only non-trivial case is when f : X → Y is a weak equivalence and g : Y → Z is a map such that g • f is a weak equivalence. In this case, the bijectivity of g * :
) where x is a point of X such that f (x) is in the same path component as y, the left vertical map is the conjugation by a tame path α from f (x) to y, and the right vertical map is the conjugation by the path g • α. Here, the existence of conjugation is guaranteed by the homotopy extension property (cf. Corollary 4.3).
The conditions (II) and (III) are consequences of Proposition 5.3 below. We say that a diffeological space X has the weak diffeology with respect to its covering {X j } j∈J if it satisfies the condition that a parameterization P : U → X is a plot of X if and only if there is an element j ∈ J such that P is written locally as the composition of a plot of X j followed by the inclusion X j → X.
Lemma 5.2. Let δ be an ordinal and let X : δ → Diff be a δ-sequence of inclusions. Then colim X has the weak diffeology with respect to the covering consisting of the images of X α , α < δ.
Proof. Let π :
α<δ X α → colim X be the natural map. Given a plot P : U → colim X of colim X and r in U , there exist an open neighborhood V of r and a plot Q : V → α<δ X α of α<δ X α such that P |V = π • Q holds. Then, by the definition of sum diffeology, there exist an open neighborhood W of r and a plot Q ′ : W → X α of X α such that Q|W is the composition of Q ′ with the inclusion i α : X α → α<δ X α . Thus we have
showing that colim X has the weak diffeology with respect to the covering consisting of the images of π • i α : X α → colim X. Proof. Since D n − is diffeomorphic to D n and since S n is the union D n ∪ D n − , it suffices to show that every D n is finite relative to inclusions. Let δ be a limit ordinal and let X : δ → Diff be a δ-sequence of inclusions. It suffices to show that if f : D n → colim X is smooth then its image is contained in some X α . Since Q n : R n → D n is a subduction, the composite f • Q n : R n → colim X is a plot of colim X, and we have f ( D n ) = f (Q n (I n )). By Lemma 5.2, there exist for any v ∈ I n an open neighborhood V v of v and a plot P v : V v → X a(v) such that f • Q n |V v coincides with the composition of P v followed by the inclusion X a(v) → colim X. Since I n ⊂ v∈I n V v and since I n is compact, there exist v 1 , · · · , v l ∈ I n such that we have
Thus, by letting
Since every map in I-cell and J -cell are inclusions, we obtain the following corollary implying the conditions (II) and (III).
Corollary 5.4. The domains of I and J are small relative to I-cell and J -cell, respectively. Moreover, the domains and codomains of I and J are finite relative to I-cell.
We also have the following.
Corollary 5.5. Let δ be an ordinal and let X : δ → Diff be a δ-sequence of inclusions that are also weak equivalences. Then the inclusion X 0 → colim X is a weak equivalence.
Proof. Let i α denote the natural map X α → colim X. We need to show that i 0 * : π n (X 0 , x) → π n (colim X, i 0 (x)) is bijective for any x ∈ X 0 . Let γ be a map of pairs ( D n , S n−1 ) → (colim X, x). Then, by Proposition 5.3, there exists an α such that γ( D n ) ⊂ X α holds. Thus [γ] ∈ π n (colim X, x) comes from π n (X α , x). But, since the inclusion j α : X 0 → X α is a weak equivalence, there exists an element
. Hence i 0 * is surjective. That i 0 * is injective is proved similarly. Proposition 5.6. Let p : X → Y be a smooth map between diffeological spaces. Then the following conditions are equivalent to each other:
Proof. We first show that (1) implies (2). Suppose p : X → Y has the right lifting property with respect to every j n : S n−1 → D n . Let i : A → B be a relative I-cell complex and let f : A → X and g : B → Y be maps such that p • f = g • i holds. Since i is a relative I-cell complex, there is an ordinal δ and a δ-sequence of inclusions C : δ → Diff such that C 0 = A, colim C = B, and i : A → B coincides with the composition i 0 : C 0 → colim C. Let us take f : A → X as h 0 : C 0 → X, and suppose we have a map h β : C β → X which extends h 0 and is a lift of g over C β . If β + 1 < δ, then there is a commutative diagram
Since p has the right lifting property with respect to j n , there exists a lift
But, since the left hand square is a pushout diagram, there is a lift h β+1 : C β+1 → X of g extending h β . By passing to the colimit, we obtain a lift h of g along p such that h • i = f holds. Thus p is in (I-cell)-inj.
We next prove that (2) implies (3). Suppose p : X → Y has the right lifting property with respect to every relative I-cell complex. Then p is in J -inj because k n : D n−1 → D n is a relative I-cell complex. Now, we need to show that p * : π n (X, x) → π n (Y, p(x)) is bijective for every n ≥ 0 and x ∈ X. Let γ : ( D n , S n−1 ) → (X, p(x)) be a representative of an element of π n (Y, p(x)), and let C x : S n−1 → X be the constant map with value x ∈ X. Then we have a commutative diagram
Since p has the right lifting property with respect to j n : S n−1 → D n , there exists a liftγ :
− , where τ is the reflection of S n with respect R n × {0}. Then the condition p * ([ p(x) ). Now, since p has the right lifting property with respect to S n → D n+1 , there is a smooth map ( D n+1 , S n−1 ) → (X, x) extending γ 0 /γ 1 , which in turn induces a homotopy γ 0 ≃ γ 1 . Thus p * is injective, and hence bijective for every n ≥ 0 and x ∈ X. We have proved that p is in W Diff ∩ J -inj.
Finally, we show that (3) implies (1). Here we follow the argument of [4, 2.4 .12]. Suppose p : X → Y is a trivial fibration. Denote by W Z the space of smooth maps from Z to W , and define the space P (j n , p) by the pullback square:
where the right-hand vertical map is induced by j n : S n−1 → D n and the bottom horizontal map by p : X → Y . Let Q(j n , p) : X D n → P (j n , p) be the map which takes every F : D n → X to (F • j n , p • F ) ∈ P (j n , p). Then p is in I-inj if and only if Q(j n , p) is surjective for every n ≥ 0. Thus it suffices to show that Q(j n , p) is a trivial fibration. That Q(j n , p) is a fibration follows from Theorem 4.2 together with Lemma 4.4. Therefore, we need only show that Q(j n , p) is a weak equivalence. By arguing as in [4, 2.4.14, 2.4 .17] we can show that the right-hand vertical map is a fibration and the bottom horizontal map is a weak equivalence. Now, the five-lemma argument applied to the commutative ladder involving homotopy long exact sequences shows that the top horizontal arrow is a weak equivalence. Since the composite X D n → P (j n , p) → Y D n is a weak equivalence, we conclude that Q(j n , p) is a weak equivalence for every n, implying that p is in I-inj. Thus (3) implies (1).
As a corollary we have (IV):
Finally, we need to prove (V):
Proof. Let f : X → Y be a relative J -cell complex. Thus there exist an ordinal δ and a δ-sequence Z : δ → Diff such that f : X → Y is the composition Z 0 → colim Z and that for each β such that β + 1 < δ, there is a pushout square
Since D n−1 is a deformation retract of D n , the inclusion Z β → Z β+1 is a homotopy equivalence. It follows by Corollary 5.5 that f : Z 0 → colim Z is a weak equivalence. Thus we have J -cell ⊆ W Diff .
To prove that f is in I-cof, we need only show that f has the left lifting property with respect to every g : A → B ∈ I-inj. Suppose we are given a commutative square (i) 
Since g ∈ I-inj, and since I-inj ⊆ J -inj by Proposition 5.6, g has the right lifting property with respect to
But, as the left hand square in the diagram (ii) is a pushout square, there exists a lift h β+1 : Z β+1 → A satisfying the desired properties. Now, we have a commutative ladder
By passing to the colimit, we obtain h : Y → A such that h • f = j and g • h = k hold in the diagram (i). Thus f : X → Y has the left lifting property with respect to I-inj, and so belongs to I-cof.
This completes the proof of Theorem 5.1.
Quillen adjunction between Diff and Top
We show that there exists a Quillen adjunction between the model categories Diff and Top.
Let D n be the unit n-disk in R n . Following [4] , we let I ′ the set of boundary inclusions S n−1 → D n , J the set of the inclusions D n × {0} → D n × I, and W Top the class of weak homotopy equivalences in Top. Then the standard model structure on Top can be described as follows:
Theorem 6.1 ([4, 2.4.19] ). There exists a finitely generated model structure on Top with I ′ as the set of generating cofibrations, J as the set of generating trivial cofibrations, and W Top as the class of weak equivalences.
Recall that there is an adjunction (T, D, ϕ) between Diff and Top, where (i) T : Diff → Top is a left adjoint which takes a diffeological space (X, D) to the topological space (X, T D) having the initial topology with respect to the family of plots of X; (ii) D : Top → Diff is a right adjoint which takes a topological space (X, O) to the diffeological space (X, DO) whose diffeology is the set of continuous parameterizations of X; and (iii) ϕ is a natural isomorphism hom Top (T X, Y ) ∼ = hom Diff (X, DY ). Now we have the following theorem. To prove the theorem, we need the following lemma.
Lemma 6.3. For every n ≥ 0, the topological space T ( D n ) is homeomorphic to the unit n-disk D n .
Proof. It suffices to show that the identity from T ( D n ) to the upper hemisphere of the unit n-sphere S n is a homeomorphism. Since T (R n ) is homeomorphic to R n equipped with the standard topology, and since T preserves quotients, T ( D n ) is the quotient of R n by the continuous map Q n . Hence the identity from T (R n ) to the upper hemisphere of S n is a continuous bijection. But T (R n ) is compact because it is the image of I n by Q n . Therefore, the identity from T (R n ) to the upper hemisphere of S n is a homeomorphism.
Proof of Theorem 6.2. By [4, Lemma 2.1.20], it suffices to show that T f is a cofibration for all f ∈ I and T f is a trivial cofibration for all f ∈ J . But this is certainly the case because T (j n ) is homeomorphic to the generating cofibration S n−1 → D n and T (k n ) is homeomorphic to the generating trivial cofibration D n × {0} → D n × I.
The adjunction (T, D, ϕ) does not seem to be a Quillen equivalence. To illustrate this, let us take an irrational number θ, and consider the irrational torus T θ which is defined to be the quotient of the 2-torus T 2 by the image of the line y = θx under R 2 → T 2 . As shown in [1, Example 3.19] , the smooth fundamental group of T θ is isomorphic to Z 2 ; while on the other hand, the topological space T T θ has the trivial fundamental group because it is indiscrete. It follows that the unit of the adjunction T θ → DT T θ is not a weak equivalence. This also means the following. Proof. Suppose there is a homotopy equivalence T θ ≃ DY for some topological space Y . Evidently, the smooth fundamental group of DY coincides with the continuous fundamental group of Y . But the latter is isomorphic to the fundamental group of T DY because the natural map T DY → Y is a weak homotopy equivalence (cf. [10, Proposition 5.4] ). Thus we have π 1 (T DY ) ∼ = Z 2 . Since T preserves homotopy equivalence, this contradicts to the fact that T T θ has the trivial fundamental group.
Let STop be the full subcategory of Diff consisting of those X such that the unit X → DT X is a diffeomorphism, and let NG be the full subcategory of Top consisting of those Y such that the counit T DY → Y is a homeomorphism. As we have shown in [10] , NG can be identified with the category of ∆-generated spaces (called "numerically generated" in [10] ), and there is an inverse equivalence between STop and NG induced by the adjunction (T, D, ϕ) . Moreover, NG is Quillen equivalent to Top under the adjunction (i, ν), where i is the inclusion of NG into Top and ν is the coreflection T D : Top → NG (cf. [3, Theorem 3.3] ). Thus STop inherits a model structure that is Quillen equivalent to the Quillen model structure on Top. Let j be the inclusion of STop into Diff and let µ = DT be the reflection of Diff onto STop. It is now clear that the following holds.
Proposition 6.5. The adjunction (µ, j) is a Quillen adjunction from Diff to STop.
It follows that the homotopy category of topological spaces Ho Top can be embedded, up to adjoint equivalence, into Ho Diff . Since there is a diffeological space which does not have the homotopy type of a topological space, such as T θ , we may expect that Ho Diff is strictly larger than Ho Top.
